In this paper, we review different approaches to studying the spectrum of eigenmodes in systems with highly elongated stellar orbits. The simplest and most natural approach suggests a replacement of the orbits by thin rotating spokes, in which rotation imitates the precession of real orbits. We show that such an obvious approach does not allow us to properly analyse the stellar systems for stability. For disc stellar systems, this does not allow us to obtain unstable modes, even in the leading order of the perturbation theory for a small parameter, characterizing the dispersion of nearly radial orbits in angular momentum. The situation is better in spherical systems, where the spectrum of eigenmodes can be determined, but in the leading order of the perturbation theory for a small parameter only. For a correct description of the stability of stellar systems, a rigorous approach should be used, based on the solution of the integral equations that are given in this paper.
I N T RO D U C T I O N
One possible approach to explain the diversity of observed galaxies is to apply stability theory to equilibrium models of different geometries and dynamical characteristics (see, for example, Fridman & Polyachenko 1984; Binney & Tremaine 2008) . Here, we consider the stability of self-gravitating stellar clusters of spherical and disc geometries in the dominating Keplerian gravitational potential.
From various numerical experiments, we know that the stability properties of spheres and discs are different; it is difficult to stabilize stellar discs against Jeans or bar-mode instability. However, stable spherical systems can easily be found; for example, an isotropic sphere, which is specified by a distribution function (DF), depending on energy only, F = F(E), is (almost always) stable (Antonov 1960 (Antonov , 1962 .
In contrast, anisotropic DFs, dependent on energy and angular momentum, F = F(E, L), reveal a remarkable diversity of stable and unstable models. There are two opposite classes of models studied theoretically, dealing with nearly circular or nearly radial stellar orbits (Merritt 1987) . The latter also have observational support, as they can be formed, for example, as the result of a gravitational collapse followed by star formation. In such systems, radial orbit instability may develop. This instability is an analogue of Jeans instability for nearly radial slowly precessing orbits. This has been obtained theoretically by Polyachenko & Shukhman (1972) , and then in numerical experiments (Polyachenko 1981; Barnes 1985) . E-mail: epolyach@inasan.ru; shukhman@iszf.irk.ru Lynden-Bell (1979) has proposed a qualitative physical description of the instability by considering slowly precessing orbits in a weak bar potential. In his description, prograde orbits (for which the direction of precession coincides with the direction of the star rotation along the orbit) play the major role, as only such orbits can be carried along with the weak potential perturbation, leading to its amplification. Radial orbit instability arises if precession velocity dispersion is below some critical value; otherwise, the instability is suppressed.
In the case of the retrograde precession of stellar orbits, as in near-Keplerian potentials around massive black holes, another instability may occur (Polyachenko, Polyachenko & Shukhman 2007 , 2008 . This requires a deficit of stars with low angular momentum (loss cone), which occurs as a result of tidal disruption or direct consumption of stars by the black hole. Because there is a clear analogy with loss-cone instability in the simplest plasma traps, we have called this the gravitational loss-cone instability.
Taking into account the simple shape of stellar orbits, which resemble spokes of finite length with linear density distributed inversely proportional to the velocity of stars, it may be tempting to adjust the rigidly rotating spokes to describe the dynamics of stellar systems with highly elongated orbits. However, Touma & Tremaine (1997) used this concept without the notion of spokes. The widest implementation of the spoke approximation took place in the stability theory of stellar systems when studying slow modes with frequencies of the order of the precession frequencies of stellar orbits.
The simplest model of disc stellar systems suitable for studying radial orbit instability has been proposed by Polyachenko (1989 Polyachenko ( , C 2008 The Authors. Journal compilation C 2008 RAS 1991a). In this model, all orbits are rigid spokes of equal length, which do not change with time. The DF of the model depends on the spoke orientation angle and its rotation rate (which corresponds to the precession velocity pr of real orbits). Torque from other orbits leads to an angular acceleration of the orbit, but does not change its length. It turns out (see the cited papers) that the characteristic equation, describing the spectrum of the small amplitude oscillations of the system, coincides with the dispersion relation for Langmuir plasma oscillations (see, for example, Mikhailovski 1970). In later papers, this model has been used to demonstrate loss-cone instability in discs (Polyachenko 1991b) .
Another approach to the study of the slow dynamics of systems with nearly radial orbits is the construction and further solution of an integral equation (or a set of integral equations in the case of spherical systems), which is an eigenvalue problem for the spectrum of slow eigenmodes of the system. This approach has been used in two recent series of papers based on the general integral equation for eigenmodes. The first series is devoted to the gravitational loss-cone instability, in which we consider stellar systems in near-Keplerian potentials dominated by massive black holes (Polyachenko et al. 2007 (Polyachenko et al. , 2008 . The stellar orbits in this case are slowly precessing Keplerian ellipses (1 : 1 orbits). In the second series, we consider systems with haloes, which produce the harmonic potentials in a sufficiently large central part of the disc (see, for example, Polyachenko 2004) . The orbits in this case are slowly precessing ellipses symmetrical with respect to the halo centre (2 : 1 orbits). The use of resonance orbits allowed us to reduce the general integral equations to simpler equations for slow oscillations, in which the orbits become elementary objects. Thus, it is possible to introduce a DF of orbits and to follow its evolution. The characteristic time of this evolution is of the order of precession times, much larger than the typical orbital period.
In Polyachenko et al. (2007 Polyachenko et al. ( , 2008 , and in this paper, we have limited ourselves to mono-energetic models only. In such a model, all orbits possess equal energy E = E 0 . In the limit of low angular momentum, this means an equal radial size (length) of orbits. Note, however, that the above limitation is not of importance for the question discussed here.
By applying the integral equation to systems with nearly radial orbits, we can achieve two goals. (i) We can check the coincidence between the results of the two alternatives: the analytical spoke approach and the numerical solution of the integral equation. (ii) We can follow step-by-step the way along which the clear physical reasoning of the spoke approach leads to mathematical simplifications of the precise integral equation and reduces it to an algebraic characteristic equation for eigenmodes, in a form that can be immediately obtained from the simplest spoke approach.
The reduction of the integral equations to an algebraic equation consists of three steps.
(i) The assumption of the linear dependence of the precession rate on angular momentum, pr ≈ α, at α 1 (Polyachenko 1991b) . Thus, for prograde orbits > 0, and for retrograde orbits < 0.
(ii) The torque between two orbits, which is included in the integral equation through the kernel K(α 1 , α 2 ) of the integral operator, weakly depends on angular momentum. Here, α 1,2 1 are dimensionless angular momenta of the orbits, normalized by the angular momentum at the circular orbit, α i = L i /L circ (see Section 2 for more details). More precisely, the appropriately scaled kernel can be written as
2 ). Thus, for a description of systems with near-radial orbits, we can assume K(α 1 , α 2 ) = 1.
(iii) The Fourier harmonics of the gravitational potential, which are the eigenfunctions of the integral equation (in mono-energetic models, these depend on angular momentum only), are considered to be constant in the narrow region of α 1 of the DF localization as well. This procedure reduces the precise integral equation to the algebraic characteristic equation, obtained by Polyachenko (1989 Polyachenko ( , 1991b ) from his kinetic equation for rotating spokes.
Some disagreement in the results obtained with the help of the precise integral equation (Polyachenko et al. 2008 ) and the 'spoke' characteristic equation (Polyachenko et al. 2007 ) encouraged us to make a revision of the simplifying procedure described above. This revealed weaknesses in the spoke approximation approach, which were difficult to find, if we proceeded just from the spoke kinetic equation (Polyachenko 1989 (Polyachenko , 1991a . In this paper, we consider the issue of the applicability of the spoke approximation for studying the stability of stellar systems in near-Keplerian potentials, in both spherical and disc-like geometries. The fidelity criterion is provided by the precise integral equation.
The structure of the paper is as follows. Section 2 contains general material, concerning resonance orbits. Section 3 is devoted to disc-like systems with nearly resonant 1 : 1 orbits, in which we demonstrate the flaws of the spoke approximation and propose an alternative perturbation theory leading to the correct mode spectrum in the leading order for a small parameter, characterizing the dispersion of nearly radial orbits in angular momentum. Section 4 is devoted to spherical systems with nearly resonant 1:1 orbits. In the final section, we discuss the results.
M O D E L S A N D O R B I T S
It is well known that, in general, an arbitrary orbit in an axially symmetric potential is not closed, but rather of a rosette shape. However, it is easy to find a reference frame rotating with some angular velocity in which the orbit becomes a closed oval. The original motion of the star along the rosette trajectory in the inertial reference frame can be represented as motion along the closed oval, which in turn rotates (precesses) with the rate . The orbit precession velocity is defined as the rotation rate of the reference frame, in which the orbit becomes closed (i.e. pr = ).
There are only two types of potential, in which any stellar orbit is closed: the potential of the point mass M c , 0 (r) = −GM c /r, and the harmonic potential. Then, the orbits themselves are ellipses, symmetric with respect to the centre for the harmonic potential, and asymmetric for the point mass potential. The precession velocity of these orbits is zero by definition.
In this paper, we consider stellar models in the gravitational potential of heavy point mass only (massive black hole). The frequencies of the radial and azimuthal oscillations are equal, 1 = Here we restrict ourselves to mono-energetic functions of the form (see also Polyachenko et al. 2007 )
, and L circ (E 0 ) is the angular momentum of a circular orbit with energy E = E 0 . The normalization constant A for disc-like systems is defined by the condition:
Similarly, for spherical systems, the condition is
(It is assumed that the dimensionless DFs f (α) are normalized to unity.) To illustrate, we use the following models: disc
The parameter α T characterizes the angular momenta of stars available in the models, and α T 1 corresponds to systems with nearly radial orbits. The normalization factors N d (α T ) and N s (α T ) are to be found from these conditions. Fig. 1 represents a typical Keplerian orbit. There is a convenient parametrization of the orbit through the eccentric anomaly τ , which we use in this paper:
Here, r denotes the radius of a star, ζ is its true anomaly, e is eccentricity, e = (1 − α 2 ) 1/2 , and R is the maximum apocentric radius, which corresponds to the radial orbit, R(E 0 ) = GM c /|E 0 | (equal to the major axes of all orbits).
DISC
For slow processes with characteristic frequencies of the order of typical precession velocities, ω ∼ pr ∼ 1 , it is convenient to use dimensionless frequencies in natural 'slow units'
The pattern speed p = ω/m, where m is the azimuthal number of the mode. The phase space of mono-energetic models (2.2) is onedimensional. The dimensionless angular momentum α ≡ L/L circ (E 0 ) varies in the region −1 ≤ α ≤ 1. The angular momentum of the star with energy E 0 on the circular orbit
where M c is the central point mass. The frequency of the radial oscillations 1 (E 0 ) = (2|E 0 |) 3/2 /GM c = 8GM c /R 3 does not depend on angular momentum. To simplify the notations, in the following we omit E 0 and assume R = 1.
A suitable approach to studying the stability of such stellar systems is presented in Polyachenko et al. (2008) . Here, we use the integral equation 1 derived for slow modes:
Here,¯ p and φ(α) are the eigenfrequency and the eigenvalue to be found, the kernel is
and r and ζ are the radius and the true anomaly of a star on Keplerian orbit (2.7)
The kernel normalization constant C m is chosen to match the condition K m (0, 0) = 1, and it can be calculated by the formula:
In particular, for m = 1 and m = 2 we have C 1 ≈ 10.884 and C 2 ≈ 7.45. Also, for these values of the azimuthal constant m, we can derive functions F m (x, y) explicitly:
Here, K (q) and E(q) denote the complete elliptical integrals of the first and second kinds. Recall that in this approach the deviation of the potential due to self-gravity from the Keplerian potential is assumed to be small, which means low precession rates for the Keplerian orbits. Thus, in the leading order for a suitable perturbation parameter, the kernel of the equation should be calculated for unperturbed (closed) Keplerian orbits (see Fig. 1 ). However, the precession rate ν(α) = 0 has to be taken into account in the denominator of the right-hand side of equation (3.2).
Spoke approximation
For systems with highly elongated orbits, we can simplify the integral equation (3.2) using asymptotic expressions described in Section 1 (see also Polyachenko et al. 2007) :
If we replace the precession rate ν(α) with its linear approximation (see Section 1)
and assume φ(α) = 1 and K m (α, α ) = 1, then we obtain from equation (3.2)
(3.8)
In the integral, we have assumed that the DF is localized in the region of small angular momentum, which enables us to extend the integration up to infinity. Note that equation (3.8) has the form of the characteristic equation for Langmuir plasma oscillations.
Precession rate
The expression for the precession rate of the Keplerian orbits due to the potential deviation G (r) is given in Tremaine (2005) . In our notations, this can be represented as follows:
where G is the dimensionless derivative of the potential The precession rate ν(α) can also be represented as a functional of the DF f (α) in the form
where Q(α, α ) is a universal function (i.e. it does not depend on the model). Indeed, substituting equation (3.11) into equation (3.10), and then into equation (3.9), and changing the order of integration, we can find
The expression for Q(α, α ) seems suitable enough for the calculation of the precession rate, in spite of the presence of the principal value integral. As the model parameter α T is not included in Q, we might conclude that the precession velocity for nearly radial systems can be approximated by the linear law (3.7) with = const = Q(0, 0) for the whole region of DF localization. This conclusion is wrong, because Q(α, α ) has a discontinuity at the
. As a result, in the limit α T 1 at the region |α| α T the 'proportional coefficient' turns out to be α-dependent:
However, it is possible to represent Q(α, α ) through a derivative of a continuous function,
which does not require the calculation of the principal value integral. It is possible to check straightforwardly that
Provided that the loss cone is empty,
we obtain
Typical precession rates ν(α) for different α T in the model (2.5) are plotted in Fig. 2(a) . It is clear from the figure that for disclike systems the assumption about the linear dependence of the precession rate on α in the whole region of DF localization is invalid. This dependence is certainly non-linear already at α ∼ α T . 
Numerical results and analysis
To compare numerically and illustrate different approaches used to study the stability of stellar systems with highly elongated orbits, in this section we consider the m = 1 unstable mode 2 using four characteristic equations: the precise integral equation (3.2), the spoke characteristic equation (3.8), and two equations that are reduced from the precise integral equation:
[obtained from equation 3.2 by setting K m (α, α ) = 1] and
[obtained from equation 3.2 by setting ν(α) = α]. In equation (3.20), as well as in the spoke approximation, we admit ≡ Q(0, 0) ≈ −0.222. This value follows from the formal approach, without taking into account the discontinuity of Q (evidently, any constant value of would be incorrect, as in the region of DF localization, the function (α) is changed significantly, in accordance with equation 3.14). Fig. 3 represents the results of the numerical calculations of the m = 1 unstable mode, and demonstrates the difference in growth rates γ = Imω = Im¯ p obtained from the precise integral equation, and from the spoke equation (3.8). The slope = γ /α T of the growth rate equals to 0.51 for the former (line marked with circles) and 0.182 for the latter (crosses). Thus, we can see that the spoke characteristic equation cannot provide the correct quantities for the growth rate even in the leading (i.e. linear) order for parameter α T .
Evidently, such a difference in the growth rates is because of the inaccuracy of the approximation of the precession rate ν(α) using the linear law (3.7). This is one, but not the only, reason. The calculation of the growth rates using equation (3.19) (in Fig. 3 , the thin solid line marked by squares) shows that there are other (more subtle) reasons for this difference: the suggestion that the kernel K m (α, α ) can be approximated by unity and that the eigenfunction 2 Contrary to symmetric 2:1 orbits, for Keplerian orbits the most physically interesting modes are lopside modes, m = 1. However, modes with larger azimuthal numbers are also unstable.
φ(α) can be considered as a constant. Let us investigate the situation in detail.
As noted above, for small α and α the kernel takes the form
. Taking into account the kernel symmetry, we can show that the kernel structure (up to the necessary order) is
The numerical coefficients D 1 and D 2 are found to be D 1 ≈ 0.228 and D 2 ≈ 0.197. We can see that the structure of expansion is nonadditive because of the presence of the first term (which leads to kinks on the diagonal α = α), and that the corrections to unity are quadratic in α and α . Let us introduce x = α/α T , y = α /α T , (3.22) where
Equation (3.23) can be evaluated using perturbation theory with respect to the small parameter ε = α 2 T , in which it is assumed that in the leading order the eigenfunction φ(α) = φ 0 (α) = 1 corresponds to the spoke approximation. This gives the following equation for in the leading order of the perturbation theory
from which we obtain 0 ≈ 0.102. This value corresponds to the slope of the curve corresponding to equation (3.19) at α T → 0 (the line with squares in Fig. 3 ). The next order O(ε) [i.e. the expansion
We can see that all terms but one (the second on the left-hand side) of this equation do not depend on x. This means that the equation for φ 1 (x) and 1 cannot be fulfilled. The only exception is the additive structure of κ(x, y), when it can be represented as follows:
In this case, the term proportional to κ(x) vanishes as a result of equation (3.24), and we obtain the following equation:
where all terms do not depend on x, and thus the equation can have a solution.
To sum up, if the structure of expansion κ(x, y) in the kernel K is non-additive, the standard perturbation theory with φ(x) = 1, = However, it is possible to build another perturbation theory over ε, where the eigenfunction φ 0 (x) is already not constant in the leading order O(1) of the perturbation theory. This is formulated in the next section.
Modified perturbation theory in a disc with highly elongated orbits
The starting point for this theory is equation (3.22) , in which the expansions now are the following:
T , We no longer assume that φ 0 (x) = 1, as necessary in the spoke approximation. In the leading order in ε, equation ( 
(3.27) By differentiating equation (3.27) over x, we have
Equations (3.26) and (3.28) can be replaced by one integral equation. However, this equation will include the eigenvalue 0 in a very complicated way. Let us introduce a new function ψ(x), which satisfies the relation φ 0 (x) = x 0 ψ(y) dy + c. Substituting this into equations (3.26) and (3.28) leads to the relations: (3.30) Finding the constant c from equation (3.30)
, and substituting it into equation (3.29) leads to the integral equation
with kernel
(3.33) The integral equation (3.31) with kernel (3.32), (3.33) is an eigenvalue problem for the eigenvalue 0 and the eigenfunction ψ(x).
For non-additive correction in K, the eigenvalue 0 provides the leading (linear) part of the dependence of the growth rate on the dispersion α T , γ = 0 α T in the limit of small α T .
We can see that equation (3.31) is non-linear with respect to 0 , and thus standard methods for its determination are not applicable. Instead, we can consider the equation
and look for the eigenvalue λ for some fixed ( > 0). In doing so, for different , we obtain a curve λ = λ( ). For some = 0 , we have λ( 0 ) = 1; this 0 corresponds to the eigenvalue of the problem (3.31).
To justify the modified perturbation theory, we have performed several tests. For a particular model kernel with the non-additive structure of expansion, K 1 (α, α ) = 1−D|α 2 −α 2 | with different D (D = 0.1; 0.2, \ ldots , 1), the values of 0 obtained from the precise integral equation (3.2) and from the asymptotic equation (3.31) coincide. Fig. 4 illustrates the eigenfunction φ(α) found from these two equations for model kernel K 1 (α, α ) = 1 − 0.1 |α 2 − α 2 | − 0.1 (α 2 +α 2 ). Both equations provide the same curve (thick line). In the calculations, α T = 0.01. The thin dashed horizontal line φ = 1 corresponds to the case of additive structure, K 1 = 1−0.1(α 2 +α 2 ). It is clear that the removal of the non-additive contribution makes the eigenfunction φ(x) constant, as implied in the spoke approximation.
One more test has been performed for kernel (3.21) with particular coefficients D 1 and D 2 , corresponding to the expansion of the original kernel (3.3) (i.e. D 1 ≈ 0.228, D 2 ≈ 0.197). Solving equation (3.31), we found 0 = 0.51, which coincided with the corresponding value obtained from the precise integral equation (3.2).
These considerations emphasize that, for disc-like stellar clusters, finding the growth rate, even in the simplest (linear) order of perturbation theory, requires the integral equation (3.21), although with a simplified kernel. However, it cannot be reduced to a solution of the algebraic characteristic equation, as was believed earlier.
SPHERE
To study the stability of stellar spherically symmetric systems, we use the set of equations derived in Polyachenko et al. (2008) ,
where n min = 1 for odd l and n min = 2 for even l. This set of equations describes a spherical harmonic with spherical number l. Here, we keep the same notations for mode frequency and precession velocity, as in the disc case (3.1). The constants D n l are given by
for even |l − n|. For odd |l − n|, D n l = 0. The kernel K can be expressed as follows:
where
2 dz/z. We can check that with such a choice of C l coefficients the kernel functions are normalized to unity at radial orbits, K
> , where r < = min(r, r ), r > = max(r, r ).
Spoke equation
Similar to a disc, we can considerably simplify the set (4.1), using the following asymptotic expansions:
Assuming φ n (α) and K (l) n,n (α, α ) to be equal to unity, and also the linear law for precession rate (3.7), we obtain
Because the DF is localized in the region of small angular momentum, the integration can be extended to infinity. Then, equation 
Precession rate
The most suitable form for the precession rate can be obtained from equation ( where R min = max(r min , r min ) and R max = min(r max , r max ). Calculations show that Q(α, α ) is a continuous function, in contrast to the disc case. For radial orbits, Q(0, 0) = 2/π 2 . Thus, at α 1, the precession rate ν(α) ≈ − (2/π 2 ) α. From the previous equation, it follows that the precession of highly elongated orbits is retrograde. We should emphasize also that in the spherical case linear law for the precession rate (3.7) holds in the whole domain of DF localization, α ∼ α T 1 (see Fig. 2b ). In other words, for spherical models, our old assumption on linear dependence of the precession rate on angular momentum in the whole region of DF localization remains valid.
Numerical results
The spherical models (2.6) allow unstable solutions for l ≥ 3 (see Polyachenko et al. 2007 Polyachenko et al. , 2008 . In Fig. 5 , we present the solutions for the precise integral equation (4.1) and spoke equation (4.4) for the lowest unstable mode with spherical number l = 3. It is clearly seen from the figure that, in the limit of nearly radial orbits, 
